The Π-operator (Ahlfors-Beurling transform) plays an important role in solving the Beltrami equation. In this paper we define two Π-operators on the n-sphere. The first spherical Π-operator is shown to be an L 2 isometry up to isomorphism. To improve this, with the help of the spectrum of the spherical Dirac operator, the second spherical Π operator is constructed as an isometric L 2 operator over the sphere. Some analogous properties for both Π-operators are also developed. We also study the applications of both spherical Π-operators to the solution of the spherical Beltrami equations.
Introduction
The Π-operator is one of the tools used to study smoothness of functions over Sobolev spaces and to solve some first order partial differential equations such as the Beltrami equation which describes quasi-conformal mappings. In one dimensional complex analysis, the Beltrami equation is the partial differential equation:
where µ = µ(z) is a given complex function, and z = x + iy ∈ C, ∂ z = ∂ ∂x − i ∂ ∂y , ∂z = ∂ ∂x + i ∂ ∂y . It can be transformed to a fixed-point equation
where
is the complex Π-operator. This singular integral operator acts as an isometry from L 2 (C) to L 2 (C) with the L p -norm being a long standing conjecture by Ivaniec.
With the help of Clifford algebras, the classical Beltrami equation and Π-operator with some well known results can be generalized to higher dimensions. Abundant results in Euclidean space have been found( see [4, 9, 8] ). In order to generate results in Euclidean space to the unit sphere, we define two Π-operators related to the conformally invariant spherical Dirac operator. The idea to consider the n-sphere is not only motivated by being the classic example of a manifold and being invariant under the conformal group, but also by the fact that in the case of n = 3 due to the recently proved Poincaré conjecture there is a wide class of manifolds which are homeomorphic to the 3-sphere. This makes our results much more general and valid for any simply connected closed 3-manifold. In particular, results on local and global homeomorphic solutions of the sperical Beltrami equation carry over to such manifolds. This paper is organized as follows: In section 2, we briefly introduce Clifford algebras, Clifford analysis, the Euclidean Dirac operator, and some well known integral formulas. In Section 3, we review the construction and some properties for the Π-operator in Euclidean space. In section 4, we construct the Π-operator in a generalized spherical space and solve the Beltrami equation with a singular integral operator Π s,0 . In the last section, we will investigate the spectra of several spherical Dirac type operators and the spherical Laplacian, and construct the isometric spherical Π-operator Π s,1 .
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Preliminaries
Let e 1 , · · · , e n be an orthonormal basis of R n+1 . The Clifford algebra Cl n is the algebra over R n generated by the relation
where e 0 is the identity of Cl n . These algebras were introduced by Clifford in 1878 in [6] . Each element of the algebra Cl n can be represented in the form
x A e A where x A are real numbers. The norm of a Clifford number x is defined as
If the set A contains k elements, then we call e A a k-vector. Likewise, we call each linear combination of k-vectors a k-vector. The vector space of all k-vectors is denoted by Λ k R n . Obviously, Cl n is the direct sum of all Λ k R n for k ≤ n. The following anti-involutions are well known:
where |A| is the cardinality of A. In particular, e j 1 · · · e jr = e jr · · · e j 1 . Also ab =bã for a, b ∈ Cl n .
• Clifford conjugation:
satisfying e j 1 · · · e jr † = (−1) r e jr · · · e j 1 and (ab)
• Clifford involution:ā
In the following we identify the Euclidean space R n+1 with the direct sum Λ
For all that follows let Ω ⊂ R n+1 be a domain with a sufficiently smooth boundary Γ = ∂Ω. Then functions f defined in Ω with values in Cl n are considered. These functions may be written as
Properties such as continuity, differentiability, integrability, and so on, which are ascribed to f have to be possessed by all components f A (x), (A ⊆ {e 1 , e 2 , ...e n }). The spaces
Cl n ) are defined as right Banach modules with the corresponding traditional norms. The space L 2 (Ω, Cl n ) is a right Hilbert module equipped with a Cl n -valued sesquilinear form 
The closure of the space of test functions C ∞ 0 (Ω, Cl n ) in the W k p -norm will be denoted by
The Euclidean Dirac operators D x and D 0 arise as generalizations of the CauchyRiemann operator of one complex variable. As homogenous linear differential operators,
Similarly, f is called a right monogenic function if it satisfies
Hence, the Cauchy transform is defined as
where T is the generalization of the Cauchy transform in the complex plane to Euclidean space, and it is the right inverse of D 0 , that is D 0 T = I. Also, the non-singular boundary integral operator is given by
We have the Borel-Pompeiu Theorem as follows.
Π-operator in Euclidean space
It is well known that in complex analysis, the Π-operator can be realized as the composition of ∂z and the Cauchy transform. As the generalization to higher dimension in Clifford algebra, we have the Π-operator in R n+1 defined as follows.
Definition 2. The Π-operator in Euclidean space R n+1 is defined as
The following are some well known properties for the Π-operator.
The following decomposition of L 2 (Ω, Cl n ) helps us to observe that the Π-operator actually maps
and
One key property of the Π-operator is that it is an L 2 isometry, in other words,
To complete this section, we give the classic example of the Π-operator solving the Beltrami equation. Let Ω ⊆ R n+1 , q : Ω → Cl n a bounded measurable function and ω : Ω → Cl n be a sufficiently smooth function. The generalized Beltrami equation
where ω = φ + T h, which could have a unique solution if q ≤ q 0 < 1 Π , see [8] , with q 0 being a constant. This tells us that the existence of a unique solution to the Beltrami equation depends on the norm estimate for the Π-operator.
Construction and properties of spherical Π-type operator with generalized spherical Dirac operator
Recall that in one dimensional complex analysis, the Π-operator is defined as
where z = x+iy ∈ C and ∂z = ∂ ∂x +i ∂ ∂y . This suggests us to generalize the Π-operator, we need to consider a variable z with "real" and "imaginary" parts, so we can take conjugate of ∂ z to define the Π-operator.
Spherical Π-type operator with generalized spherical Dirac operator
Let S n be the n-unit sphere. The spherical Dirac operator D s,0 on S n is defined as follows.
where rD r = E r , r = x and ξ ∈ S n . In particular, we have the conformally invariant spherical Dirac operator as follows,
Similarly, we have D s = ξ(D r + Γ 0 r ), and since D s is also conformally invariant, we
), where
Here D s is the Clifford involution of D s .
Lemma 1.
Proof. The proof is similar to Theorem 3 in [10] .
Proof. Applying the last Lemma, a straight forward calculation completes the proof.
Theorem 6. Since D s and D s are both conformally invariant, we have their fundamental solutions as follows:
Proof. The proof is similar to Proposition 4 in [10] .
Let Ω be a bounded smooth domain in S n and f ∈ C 1 (Ω, Cl n ), we have the Cauchy transforms for both D s and D s ,
Also, the non-singular boundary integral operators are given by
Then we have Borel-Pompeiu Theorem as follows.
If f is a function with compact support, then T D s = T D s = I.
Since the conformally invariant spherical Laplace operator ∆ s has the fundamental [10] . We have factorizations of ∆ s as follows.
Proof. The proof is similar to Proposition 5 in [10] .
We also have the dual of D s as follows.
Proof. Let f, g : Ω → Cl n both have compact supports,
Definition 3. Define the generalized spherical Π-type operator as
We have some properties of Π s,0 as follows.
Proof.
From the proposition above, we can have decompositions of L 2 (Ω, Cl n ) as follows.
Theorem 10.
The proof is similar to Theorem 1 in [8] . 
Notice that G Proposition 2.
Theorem 11. Π s is an isometry on
Application of Π s,0 to the solution of a Beltrami equation
We have a Beltrami equation related to Π s,0 as follows. Let Ω ⊆ S n−1 be a bounded, simply connected domain with sufficiently smooth boundary, q : Ω −→ Cl n a measurable function. Let f : Ω −→ Cl n be a sufficiently smooth function. The spherical Beltrami equation is as follows:
It has a unique solution f = φ + T h where φ ia an arbitrary left-monogenic function such that D s f = 0 and h is the solution of an integral equation
By the Banach fixed point theorem, the previous integral equation has a unique solution in the case where
with q 0 being a constant. Hence, for the rest of this section, we will estimate the L p norm of Π s,0 with p > 1.
it is easy to see that
and using Chapter IX § 7 in [11]
where S is a sufficiently small neighborhood of w on S n . Hence, we have
Therefore, we have an integral expression of Π s,0 as follows.
Theorem 12.
To estimate the L p norm of Π s,0 , we need the following result.
Theorem 13. Suppose p is a positive integer and
where p, q > 1 are positive integers and 1 p + 1 q = 1, where
Due to the symmetry we can choose any fixed point w, hence we choose w = (1, 0, 0, ..., 0)
x i 2 = 1. Let v = cos θe 0 + sin θζ, where ζ is a vector on n − 1-sphere, then we have dv n = sin n−1 θdθ,
) .
Let G 0 be the operator defined by
and R s = Γ 0 • G 0 is a Riesz transformation of gradient type (see [1] ). Then we have,
p operator and the L p norm is bounded by
is the L p norm of the maximal truncated Hilbert transformation on S 1 , and
)wT f , and by Theorem 13,
By inequalities (1) and (2), we show that Π s,0 is a bounded operator mapping from L p space to itself, and
Remark: The spherical Π-type operator Π s,0 preserves most properties of the Π operator in Euclidean space and more importantly, it is a singular integral operator which helps to solve the corresponding Beltrami equation. Unfortunately, it is also only an L 2 isometry up to isomorphism as shown in Theorem 11 . In the next section, we will use the spectrum theory of differential operators to claim that there is a spherical Π-type operator which is also an L 2 isometry.
Eigenvectors of spherical Dirac type operators
In this section, we will investigate the spectrums of several spherical Dirac type operators and the spherical Laplacian. During the investigation, we will point out there is a spherical Π-type operator which is an L 2 isometry. Let H k be the space of Cl n -valued harmonic polynomials homogeneous of degree k and M k be the Cl n -valued monogenic polynomials homogeneous of degree k, M k is the clifford involution of M k . By an Almansi-Fischer decomposition [7] , H k = M k xM k−1 . Hence, for for all harmonic functions with homogeneity of degree k, there exist p k ∈ KerD 0 , and
Let H m denote the restriction to S n of the space of Cl n -valued harmonic polynomials with homogeneity of degree m. P m is the space of spherical Cl n -valued left monogenic polynomials with homogeneity of degree −m and Q m is the space of spherical Cl n -valued left monogenic polynomials with homogeneity of degree n + m, m = 0, 1, 2, ....Then we Since
, which is {−m − Now with similar strategy as in [3] , we consider the operator D s T which maps
where p m and q m are eigenvectors of Γ 0 . Further the eigenvectors p m and q m can be chosen so that within P m they are mutually orthogonal. The same can be done for the eigenvectors q m . Moreover, as
By the help of the spectrum of T , we have the L 2 norm estimate of the Π s,0 , that is
Hence we have Π s,0
), a straightforward calculation shows us that Since for 0 < r < 1, any harmonic function h m ∈ B(0, r) = {x ∈ R n : ||x|| < r} with homogeneity degree m, we have h m = f m + g m , where f m ∈ KerD 0 and g m ∈ D 0 , they are both homogeneous with degree m (see Lemma 3 [13] ). Consequently, Let Ω ⊆ S n−1 be a bounded, simply connected domain with sufficiently smooth boundary, and q, f : Ω −→ Cl n , q is a measurable function, and f is sufficiently smooth. The spherical Beltrami equation is as follows: 
